Abstract. We study the asymptotic behaviour of the solution of the viscoelastic equation, and we prove for a bounded domain that the energy associated to this system approaches zero exponentially as time goes to infinity. Moreover, for the whole space R" we will prove that the displacement vector field can be decomposed into two parts, solenoidal and irrotational, whose corresponding energies decay to zero uniformly as time goes to infinity with rates that depend on the regularity of the initial data.
1. Introduction. In this paper we will discuss the asymptotic behaviour of the total energy associated to the model whose solution describes the evolution of elastic waves in a homogeneous, isotropic, and viscoelastic medium. The corresponding mathematical scheme involves a system of integro-differential equations, with the integrals reflecting the memory effect.. Through this work we will suppose that the specific relaxation function E is of the form E(/, r) = e(t -t) ; therefore, the constitutive relation for viscoelasticity assumes the expression a = e(0)s + [ g(t -t)e(t) ch:
Jo where a and e stand for the stress and strain tensors, respectively, and g is the derivative of the specific relaxation function e (see [1] ). Denoting the mass density by p, the dynamic equation is written as p\ilt = V -a where by uO, t) = (ux{x,t),..., un(x, t)) =y(x, t) -X we denote the displacement vector field associated with the motion and by y the positive vector at time t of the particle located at the point x. Expressing a in terms of the displacement vector field we finally obtain putt -pAu -(A + /i)V{divu} + pg * Au + (A + p)h * V{divu} = 0 in Q (1.1)
and boundary conditions (case of bounded medium)
u(x ,0 = 0 on £ = T x ]0, T[.
The sign " * " denotes the convolution product in time, which is defined here as rj*v= I rj(t -r)v(x, x)dt J o and by Q we denote a bounded open set with smooth boundary T or the whole space R". Asymptotic stability in linear viscoelasticity was studied by C. Dafermos [2] in the framework of the abstract Volterra's equation. By assuming kernels of convolution type, Dafermos concluded that the solution of this class of integro-differentiable equations is asymptotically stable provided the derivative with respect to time of the specific relaxation function is convex. Later on, this result was improved in [3] for other types of relaxation functions without the convexity assumption. Concerning the rate of decay of the solutions, the work of G. Dassios and F. Zafiropoulos [5] , for homogeneous and isotropic viscoelastic materials that occupy the whole tridimensional space, establishes that the longitudinal and transverse wave decay to zero uniformly as , where m increases depending on the symmetry of the initial datum, provided the derivative of the density relaxation is an exponential function as t fi0e~}''. The method the authors used is based on the study of the roots of the characteristic polynomial associated with the ordinary equation, which is obtained by taking the Fourier transform of system (1.1) and then differentiating the result with respect to time. By using the fact that the kernel g is an exponential function, that is, g\t) = -yg{t), the convolution term is eliminated; so the authors work with the resulting pure ordinary differential equation. To our mind, however, this method is not very efficient because the analysis of the roots is almost impossible for more general relaxation functions, even for those whose derivatives are of the form of a linear combination of exponential terms with varying rates of decay.
The main result of this paper is that the total energy associated to the viscoelastic system (1.1) decays to zero exponentially for bounded domains. For the whole space R" the decay also holds uniformly but with algebraic rates that depend on the regularity of the initial data. More precisely, if the initial datum is the mth derivative of a function in L^R"), then the energy decays as when time goes to infinity, provided the following conditions hold: h = g, h,g> 0; (1.3) g'(t)<-cg(t) and g"(t)<Cg(t); (1.4) g\t)>-Kg(t) (1.5) where k , c, C are positive constants. For the case Q = R" , assumption (1.3) is not necessary, which means that the functions h and g can be chosen as any linearly independent functions; nevertheless, we must import the additional condition:
h'(t) <-c0h{t) and h"(t) < C0h(t), (1.6) h\t) > -K0h(t) ( 1.7) where kq, cq, C0 are positive constants. Moreover, we will prove that the displacement vector field can be decomposed into two parts, solenoidal and irrotational, whose associated energy decays to zero as indicated in Theorem 4.1 of Sec. 4 .
Note that g and h can be a linear combination of exponential terms with varying rates of decay. In general g and h can be functions of the form YlPi(t)e~X'' where pi is a nonnegative polynomial function such that p\< 0.
Here we use basically the energy method in order to construct a suitable Liapunov functional whose derivative is negatively proportional to itself. This property will prove that the functional decays to zero exponentially. Regularity results and some technical ideas are also used. In Sec. 2 we will establish the existence and regularity results, while Sees. 3 and 4 are devoted to the study of the asymptotic behaviour of the energy for bounded domains and the whole space M" , respectively.
2. Existence, uniqueness, and regularity. In this section we will prove the existence, uniqueness, and regularity of solutions of the viscoelastic system given by Eq. (1.1). Through this section Q will denote either a bounded domain or the whole space Rn . So, to show the mean result of this paper we will introduce the following notation. Finally, div stands for the divergence operator. It is well known that A is a selfadjoint, positive-definite operator of [L2(Q)]" . In order to facilitate our analysis we denote by " □ " the binary function given by which together with Eq. (1.1) establishes Eq. (2.5). The proof is now complete. □ The study of the asymptotic behaviour is a rather complicated task, which will be the object of the following section.
3. Asymptotic behaviour. Our objective in this section is to show that the total energy associated to the viscoelastic system on a bounded smooth region decays to zero exponentially provided conditions (1.3)-(1.5) and (2.3) hold. From now on and without loss of generality we will suppose that p = 1 .
In order to prove the asymptotic behaviour of the energy we will introduce the following functions: In the following lemma we establish an inequality which will play an important role in obtaining our decay result. To do this we will take advantage of the kernel properties in Eqs. (1.4) and (1.5) which cause the memory term to have a damping effect. 
In view of the above identity we may rewrite Eq. + {/ /(f) rfr} J^J g(t~ r){Au{x, x) -Au{x, t)} ■ Au(x, t)dxdx
To evaluate the derivative of /, let us multiply Eq. Proof. We will suppose that (u0, u() e D(A2) x D(A); our conclusion will follow using density arguments. Using Eq. Finally from Eq. (3.13) our result follows. □ 4. Decomposition of the displacement vector field. Here we will study the asymptotic behaviour of the energy in the whole space R" . We will prove that the displacement vector field can be decomposed into two parts: solenoidal and irrotational, whose corresponding energies decay uniformly to zero at a rate that depends on the regularity of the initial datum.
In order to assist the reader we will show the conditions for which such a decomposition holds for any vector field of R" . Let us denote a = (a, , ... , an) € N" , x = (jc, , ... , xn) £ R" and which implies that fvuv is bounded in l'(R") for any v e N. Hence, the righthand side of Eq. (4.5) is bounded. Then our result follows. Let us consider the case n > 2. We will prove that {pauv)ueN is bounded in R") for |a| = 1 . In fact, since xU and xcU belong to l'(R") and Lq(R") where q >n/(n-2), applying Remark 4.1 for y/ = xU , <f> -xcU , s = q , and F = fv yields f i c r r i / n \uv{x) -u^x)\q dx < C I \xcU\ dx\ I \fu-f/ dx yR J J R L«/ R Hence, («1/)v6N is a Cauchy sequence in Lq(R"); so we have that there exists u in Lq such that uv -► u strongly in Lq{R").
Since fv converges to / in Lq (Rn), we conclude that the product fvuv converges to fu in l'(R"); then Eq. (4.5) implies dauu -* dau strongly in L2(R"), |a| = 1.
The proof is now complete. □ therefore, the function u = u1 + u' satisfies Eq. (1.1). By the symmetry of the system (4.7) and (4.8) it is sufficient to study one of them; therefore, denoting u = u*, u0 = Uq , and Uj = uj, we will consider u;r -pAu + g * Au = 0 in R" x R(, We will conclude the asymptotic behaviour of the energy by studying the asymptotic properties of the energy density function given by r, (£, 0 d^f i|u,i2+p\z\2 (1-fig*) it i"/i2 + f \z 12 £ gD *i' Jo which together with Eq. (4.9) yields the required inequality. □ Let us denote by E'k and Esk the energies stored in the irrotational and the solenoidal parts of the displacement vector field, respectively, for k = 1,2,3.
We will express our final result in the following theorem. In order to prove the uniform decay of u, we will consider two cases. First we will prove that the energy density decays exponentially for |^| > 1 and then that the uniform decay holds for |£| < 1 . In fact, for |^| > 1 we have Jf{i,t)<{cl+2 + g{0) + a}JT for |£| > 1 From Eqs. (4.12) and (4.14) and the Plancherel identity our result follows. □
